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Film cooling is widely used in conventional gas turbine and rocket engines to minimize thermal loading of engine

structures and to manage heat transfer between hot, reacting gases and cooler structural components. Previous

experimental work has shown that streamwise pressure gradients strongly influence the performance of the film.

This paper extends semi-empirical modeling ideas for wall-jet film cooling to include the effects of adverse and

favorable pressure gradients. The extended model shows that a pressure gradient’s effect on cooling performance

depends on whether the velocity of the film is greater than the core flow (a wall-jet film) or less than the core (a core-

driven film). In wall-jet films, a favorable pressure gradient improves cooling performance by increasing the

thickness and persistence of the film. Conversely, in core-driven films, a favorable pressure gradient reduces the

persistence and thickness of thefilm leading to reduced coolingperformance.Under isobaric conditions, the extended

model results match experimental measurements within 2.5% in the near-slot region. When pressure gradients are

present, the extended model matches experimental data to within 15% in the near-slot region and correctly predicts

experimentally observed trends.

Nomenclature

a0, C0, N = constants
b = shear-layer thickness
b0 = film-cooling louver thickness
CM = turbulent mixing coefficient
CP1 = hot-gas stream pressure coefficient
c = ratio of density in mixing zone I at the transition

point to the coolant-stream density
Iv = overall average turbulence intensity
Iv;s = average transverse coolant-stream turbulence

intensity
Iv;1 = average transverse hot-stream turbulence intensity
Kp = Kays’s acceleration parameter
M = blowing ratio, ��sUs�=��1U1�
_m0e = entrained hot-gas stream rate per unit length
_mf = total mass flow rate of the film per unit length
_ms = coolant mass flow rate per unit length
P = static pressure
p=d = hole spacing
R = ratio of the average hot-stream velocity to the

average coolant-stream velocity, U1=Us
R0 = ratio of the initial average hot-stream velocity to

the initial average coolant-stream velocity,
U01=U0s

s = louver slot height
T = absolute temperature
U = average fluid stream velocity
x = streamwise distance
x0 = streamwise location of the point of coolant

injection

x1 = streamwise location of the transition point between
the initial and fully developed regions

y = transverse distance
y1 = transverse location of the shear-layer/coolant-

stream interface
y2 = transverse location of the shear-layer/hot-stream

interface
� = initial region factor
�eff = film-cooling effectiveness, �T1-Taw�=�T1-Ts�
� = dynamic viscosity
� = fluid density
 = dimensionless temperature ratio
! = dimensionless flow-temperature grouping

Subscripts

aw = adiabatic wall
s = coolant stream
0 = injection conditions
I = zone I of shear layer
II = zone II of shear layer
1 = hot-gas stream

I. Introduction

F ILM cooling is an active cooling strategy commonly used in gas
turbine and rocket engines to minimize thermal loading of

engine structures and to manage heat transfer between hot, reacting
gases and cooler structural components. Among itsmany advantages
is that it allows combustors to operate at higher temperatures, thereby
improving their thermal efficiency and reducing thermally induced
mechanical stresses that shorten the life cycles of engine
components. However, achieving effective film cooling is extremely
challenging due to the inherently complex combustor flowfields and
the wide array of geometric and fluid dynamic parameters that can
affect film-cooling performance [1].

Previous work has shown that one of the key fluid dynamic factors
affecting film-cooling effectiveness is the presence of a mainstream
pressure gradient [2]. However, the results of several experimental
and theoretical investigations [3–7] of the influence of a mainstream
pressure gradient are often contradictory. For example, a
comprehensive review by Teekaram et al. in 1989 [3] suggests that
pressure gradients can either improve or degrade film-cooling
performance depending upon the geometry. Two-dimensional slot
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injection studies by Hartnett et al. [4] and Pai and Whitelaw [5]
suggest that the influence of the pressure gradient is limited, as they
showed that a favorable pressure gradient results in only a small
decrease in the film-cooling effectiveness relative to zero-pressure
gradient conditions. Pai andWhitelaw also showed that the influence
of the pressure gradient depends on the distance from the slot, as well
as the coolant to mainstream velocity and density ratios. In contrast,
Hay et al.’s [6] investigation of film cooling through three-
dimensional holes showed that mainstream pressure gradients have a
strong influence on film-cooling effectiveness, particularly at low
blowing ratios and in the vicinity of coolant injection. They reported
a 70–80% reduction in the heat transfer coefficient in the presence of
a strong favorable pressure gradient that corresponds to an
acceleration parameterKp of 5 � 10�6 at the point of injection. They
found no significant effect on the heat transfer coefficient when the
pressure gradient wasmildly adverse (Kp ��0:85 � 10�6). Finally,
Kruse’s [7] investigations offilm cooling downstreamof a single row
of discrete circular holes over a range of blowing ratios and injection
angles concluded that adverse pressure gradients improve film-
cooling effectiveness slightly, whereas favorable pressure gradients
degraded film-cooling performance. Kruse also noted that the
influence of the pressure gradient on film-cooling effectiveness was
most pronounced when the blowing ratio and hole spacing were
small.

There are relatively few analytical investigations of film-cooling
performance. Goradia and Colwell [8] used superposition theory to
develop a model for the effect of a streamwise pressure gradient on
the growth of awall-jetfilmwithout heat transfer. They compared the
model’s predictions tomeasurements in a two-dimensional turbulent
wall-jet film over a range of velocity ratios in the presence of adverse
and favorable pressure gradients, but found that their model was not
reliable in the initial jet region. Simon [9] developed an
incompressible, zero-pressure gradient, semi-empirical film-cooling
model based on Abramovich’s free shear-layer growth analysis [10].
The model incorporated turbulence and heat transfer and therefore
was capable of accounting for the effects of freestream and coolant
turbulence on film-cooling performance. Separate semi-empirical
models for turbulent mixing in the developing and fully developed
portions of the flow were used. The model’s predictions matched
experimental measurements of film-cooling effectiveness to within
�4% for lateral freestream turbulence intensities up to 24% and
blowing ratios up to 1.9. Neither of these investigations account for
the effect of mainstream pressure gradients.

The present work extends Simon’s analysis [9] to account for the
effect of mainstream pressure gradients on film-cooling perform-
ance. The predictions of the resulting modified Simonmodel (MSM)
under isobaric conditions are compared with those of Simon’s
original model and to experimental measurements byCruz et al. [11].
The MSM’s predictions under nonisobaric conditions are compared
with measurements from Teekaram et al. [3]. The comparison
provides a clearer picture of the influence of mainstream pressure
gradients on film cooling and resolves some of the conflicts in the
open literature.

II. Analysis

Figure 1 is a schematic illustration of the wall-jet film-cooling
situation investigated by Simon [9] but with the addition of a
streamwise pressure gradient. The figure shows a coolant stream at a
temperature Ts and velocity Us being injected near the wall from a
slot of height s. At x0, the coolant stream encounters a hot-gas stream
of temperature T1 (with T1 > Ts), moving at a velocityU1, where
U1 <Us. Associated with this hot-gas stream is a pressure gradient
of magnitude dP=dx. A weakly turbulent shear layer of thickness b
develops and grows with streamwise distance x at the interface
between the coolant and hot-gas streams. The length of the initial
developing region x1 is taken to be the distance required for the inner
edge of the developingmixing zone, labeled zone I in Fig. 1, to reach
the wall. The initial developing region is often termed the “potential
core” region and has been shown experimentally to provide very
effective protection [12]. Following the approach of Simon [9], the

adiabatic wall temperature in the initial region (x < x1) Taw is
assumed to equal the mean fluid temperature in zone II (coolant
zone), whereas, in the developed region, the adiabatic wall
temperature is assumed to equal themean fluid temperature in zone I.
Hence,

Taw �
�

�TII; �x < x1�
�TI; �x � x1�

(1)

The following assumptions are also made:
1) The change in the specific heat with temperature is small.
2) The composition of the coolant and hot streams is the same.
3) The hot-gas stream temperature T1 is constant.
4) Thermal radiation from the hot-gas stream is negligible.
5) The shear-layer growth b is linear.

A. Film-Cooling Model Development

Film-cooling effectiveness �eff is typically defined for an
incompressible flow as [13]

�eff �
T1 � Taw
T1 � Ts

(2)

From a mass and energy balance on the coolant stream, it can be
shown, following Stollery and El-Ehwany [14], that the film-cooling
effectiveness is related to the amount of hot-stream gas entrained by
the coolant stream:

�eff �
_ms

_mf

(3)

where _ms is the coolant mass flow rate per unit length, _ms � �sUss,
and _mf is the total mass flow rate of the film per unit length, at any
arbitrary x location downstream of the coolant slot exit. The value of
_mf includes both the coolant mass flow rate per unit length and the
entrained hot-gas stream rate per unit length _m0e. This can be
expressed as follows:

_mf � _ms �
Z
x

0

_m0e dx (4)

Following the approach of Juhasz and Marek [13], _m0e is assumed
to be directly proportional to the hot-gas stream mass flux:

_m 0e � C0M�1U1 (5)

where C0M is an “effective” turbulent mixing coefficient, which is
related to the average turbulence intensity Iv.

Substitution of Eqs. (4) and (5) into Eq. (3) yields

�eff �
�
1�

�
x

Ms

�
C0M

��1
(6)

where M is the blowing ratio (defined as the ratio of the coolant
stream to hot-stream mass flux):

M� �sUs
�1U1

(7)

Equation (6) gives the functional form for a basic turbulent film-
cooling correlation. It shows that film-cooling effectiveness
decreases with increasing streamwise distance, with decreasing
blowing ratio, with decreasing slot height, and with increasing
turbulence intensity.

Following Simon’s [9] approach, C0M is written in terms of the
turbulent mixing coefficient CM and a turbulent diffusion parameter
�:

C0M �
CM � ��x=Ms��1

1� � (8)

The parameter � accounts for turbulent diffusion from zone I to
zone II in the initial region (x < x1) only. It therefore has a value of
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zero in the developed region (x � x1). CM is a function of the shear-
layer entrainment rate db=dx, which can be directly related to Iv
using Abramovich’s [10] empirical assumption that db=dx is
proportional to the perturbation component of the fluctuating hot-gas
stream velocity v00. This leads to

CM �
db

dx
� a0v

0
0

U	0
(9)

wherea0 is an empirical constant andU	0 is the characteristic velocity
of the shear layer given by

U	0 �
�1U1 � �sUs
�1 � �s

(10)

Substituting Eq. (10) into Eq. (9), simplifying by noting that
Iv � v00=U1, and incorporating Eq. (7) yields an expression for CM,
which in general form can be written as

CM � a0�Iv!�N (11)

In this expression, N is an empirically determined constant, ! is a
dimensionless flow-temperature parameter developed by Simon [9],
and Iv is the overall average transverse turbulence intensity. Iv and!
are given by

Iv � Iv;1 � 0:4�jIv;1 � Iv;sj� (12)

!� �1� 1=TR�
�1�M� (13)

where TR is the temperature ratio, which is defined as the ratio of the
coolant to hot-stream static temperature Ts=T1. Iv;s is the initial
average transverse coolant-stream turbulence intensity, and Iv;1 is
the initial average transverse turbulence intensity of the hot-gas
stream; Iv is based on a turbulent correlation obtained from Ko and
Liu [15], which has the constraint that Iv cannot be greater than either
Iv;1 or Iv;s. Equation (11) is used by Simon [9] to account for
turbulence in both the initial region (x < x1) and in the developed
region (x � x1).

Returning to the � parameter from Eq. (8), Simon [9] developed
the following expression for� based on empirical observation and by
noting that the turbulent diffusion from zone I to zone II is a function
of the initial average transverse turbulence intensity of the coolant
stream I	v;s:

��
�
CM

�
x

Ms

�
�
�
x

x1

�

� C0I
	
v;s

�
Ts

Tawx�x1

�
ln
�

1

1 � �x=x1�

���
Tawx�x1 � Taw
T1 � Ts

�
(14)

In Eq. (14), C0 is an empirically determined constant.
The location of the transition point between the initial and fully

developed regions x1 can be determined from the geometry of the
shear layer, as shown in Fig. 1, to be

x1 �
s

y1
x (15)

where y1 is the shear-layer/coolant-stream interface position.
Next, by noting from Fig. 1 that the shear-layer thickness

b� y1 � y2, and that the turbulent mixing coefficient CM is related
to the shear-layer growth rate by CM � �b � y1�=x, Eq. (15) can be
simplified to

x1 �
��
CM
s

�
y1
y2

��1
(16)

where y2 is the shear-layer/hot-stream interface position.
Before proceeding further, it is important to note that the

introduction of a pressure gradient does not change the forms of
Eqs. (1–14), as the pressure gradient has no effect on the mass or

energy balance in zones I or II. However, the pressure gradient does
affect the momentum balance in zones I and II, thereby influencing
the location of the transition point between the initial and fully
developed regions through y1=y2 in Eq. (16). So, the next step is to
use Abramovich’s [10] semi-empirical theory of incompressible,
turbulent jets (or shear layers) to find y1=y2. Once y1=y2 is known, x1
can be determined using Eq. (16), and the streamwise evolution of
film-cooling effectiveness can be computed using Eq. (6) plus
Eqs. (7–14).

B. Isobaric Case

Abramovich [10] showed that, for an incompressible shear layer
formed between two coflowing streams of different velocities in the
absence of a pressure gradient, the shear-layer growth rate can be
expressed as

db

dx
� k (17)

where � is the shear-layer thickness and k is a constant which
depends on R, the ratio of the average hot-stream velocity to the

average coolant-stream velocity (R 
 �U1= �Us):

k��c 1 � R
1� R (18)

where c is a constant which represents the density ratio between the
two streams. The negative sign is taken when R > 1, that is, when
U1 >Us. This corresponds to a core-driven film situation.
Integrating Eq. (17) yields the following expression for the shear-
layer thickness:

b��c
�
1 � R
1� R

�
x (19)

Equation (19) shows that the growth in the shear-layer thickness b
in the absence of a pressure gradient depends only on the velocity and
density ratio. It also shows that the shear-layer thickness varies
linearly with streamwise distance. This expression can be related to
Eq. (16), by performing a momentum and mass balance on the two
streams to obtain an expression for y1=b. This has been done
previously by Abramovich [10] and yields the following result:

y1
b
� c�0:416� 0:134R� (20)

Recalling that b� y1 � y2 (see Fig. 1), Eq. (20) can be rearranged to
obtain an expression for y1=y2:

y1
y2
�
�

1

c�0:416� 0:134R� � 1

��1
(21)

Following the approach of Simon [9], c is defined to be the ratio of the
fluid density in mixing zone I at the transition point x1 to the coolant-
stream density:

Fig. 1 Wall-jet film-cooling model with a pressure gradient adapted

from Simon [9] (1986).
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c� Ts
Tawx�x1

(22)

Equations (21) and (22) combined with Eqs. (1–16) form the Simon
model (SM) [9] which is valid for wall-jet film cooling in the absence
of a pressure gradient.

C. Nonisobaric Case

An analogous approach is used to develop an expression for y1=y2
under nonisobaric conditions. Returning to the semi-empirical
theory of incompressible, turbulent jets (or shear layers), if a
longitudinal mainstream pressure gradient is present, as shown in
Fig. 1, it can be shown using Bernoulli’s equation that the ratio of the
local hot-stream velocity at a given x location U1 to the initial hot-
stream velocity U01 along an arbitrary streamline is given by

U2
1

U2
01
� 1 �

�
P1�x� � P01

1
2
�U2

01

�
(23)

where P1�x� is the local hot-stream static pressure at a given x
location, andP01 is the static pressure of the hot stream at the point of
coolant injection.

Noting that the pressure coefficient (nondimensional pressure
gradient) CP1 is defined as

CP1 �
P1�x� � P1;x�0

1
2
� �U2
1;x�0

(24)

where CP1 > 0 corresponds to an adverse pressure gradient, and
CP1 < 0 corresponds to a favorable pressure gradient.

We can simplify Eq. (23) by substituting Eq. (24) and by
introducing definitions for the local hot-stream to coolant-stream
velocity ratioR, that is,R�U1=Us, and for the initial hot-stream to
coolant-stream velocity ratio R0, that is, R0 �U01=U0s. This leads

to an expression for R in terms of R0 and CP1which is given by

R�

�����������������������������
R2
0 � CP1
1 � CP1

�s
(25)

Substituting Eq. (25) into Eqs. (17) and (18) and simplifying leads
to an expression for the shear-layer growth rate that is analogous to
the growth rate expression for the isobaric case:

db

dx
� k0 � ‘ (26)

The first term, k0, corresponds directly to k in the isobaric case
[Eq. (17)] and is given by

k0 � �c 1 � R0

1� R0

(27)

The second term, ‘, is new and arises because of the pressure
gradient. It is given by

‘� 2c
R0 � CP1 �

�����������������������������������������������
�1 � CP1��R2

0 � CP1�
p

1 � R2
0

(28)

As in the isobaric case, the negative sign in Eq. (27) is taken for a
core-driven film (i.e.,R0 > 1) and the positive sign is taken for a wall
jet.

An expression for the shear-layer thickness is obtained by
integrating Eq. (26). Applying the boundary condition that, at x� 0,
b� 0 yields the following expression for the variation of the shear-
layer thickness with x:

b��cx 1 � R0

1� R0

� cx

1 � R2
0

�
R0 �

1

2
CP1 �

1

4CP1
��2CP1

� 1 � R2
0�

������
K1

p
� R0�1� R2

0� � 2�1 � R2
0� ln jK2j


�
(29)

K1 � �1 � CP1��R2
0 � CP1� (30)

K2 �
1� R2

0 � 2CP1 � 2
������
K1

p

1 � R2
0

(31)

Equations (29–31) show that the shear-layer thickness is a function
of R0, CP1, and x. As in the isobaric case, Abramovich [10]
performed a mass and momentum balance on the two streams to
obtain an expression for y1=b:

y1
b
� �1 � CP1��0:416� 0:268R� 0:316R2� � R0

������������������
1 � CP1
p

�0:55� 0:45R� � 2CP1 � �1 � R0��1 �
������������������
1 � CP1
p

��b0=b�
�1 � R0�

������������������
1 � CP1
p (32)

Substituting Eqs. (25), (29), and (30) into Eq. (32) and recalling that b� y1 � y2 (see Fig. 1) gives an expression for y1=y2:

y1
y2
� 1

1

c��2CP1=
�����������
1�CP1
p

��
�����������
1�CP1
p

f0:416��0:316K1=�1�CP1�2 
�0:268�
����
K1

p
=1�CP1�g�R0 �0:55�0:45�

����
K1

p
=1�CP1�
�K3 


� 1
(33)

K3 �
b0�1 � R0 � R2

0 � R3
0���1� 1=

������������������
1 � CP1
p

�
c��1 � R0�2x � �R0x � CP1x=2 � b0=4sfR0�1� R2

0� � ��1 � R2
0 � 2CP1�

������
K1

p
� ��2�1 � R2

0� ln jK2j
g�

(34)

Using Eqs. (33) and (34) to represent y1=y2 in Eqs. (1–16) gives the
modified Simon model, which is valid for incompressible, film
cooling in the presence of amainstream pressure gradient. In the limit
as CP1 ! 0, Eqs. (33) and (34) simplify to give

y1
y

�
�

1

�c=�1 � R0�
�0:416 � 0:282R0 � 0:134R2
0

� 1

��1
(35)

Factoring this equation and noting from Eq. (25) that, when the
pressure gradient tends to zero, R0 ! R yields

y1
y2
�
�

1

c�0:416� 0:134R� � 1

��1
(36)

Equation (36) is identical to Eq. (21). Therefore, when the pressure
gradient is zero, the MSM predicts exactly the same film-cooling
effectiveness as the SM.
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III. Choosing Values for the Model’s Parameters

To apply the film-cooling model developed in Sec. II, one must
select values for the model’s empirical parameters C0, a0, and N. In
addition, the model also requires inputs for the initial coolant-stream
and hot-stream turbulence intensities, Iv;s and Iv;1, which
historically have not be reported in previous experimental work in
the open literature. Film-cooling data from Cruz et al. [11] and
Teekaram et al. [3] were used to validate the model’s predictions
under zero-pressure gradient and variable pressure gradient
conditions, respectively.

Cruz et al. [11] reported film-cooling effectiveness as a function of
downstream distance x in a subsonic hot-wind-tunnel facility. A
wall-jet flow condition was used for model validation, having a hot-
stream velocity of 20:0 m=s at a temperature of 431 K and a coolant-
streamvelocity of31:5 m=s at a temperature of 306K.LaserDoppler
velocimetry measurements indicated that the average coolant-stream
turbulence intensity Iv;s was 5.0%, whereas the average hot-stream
turbulence intensity Iv;1 was 1.6%. A sensitivity analysis showed
that the MSM model is insensitive to the value of C0, and so it was
simply set to the value used by Simon [9] (C0 � 13:7) for both the
isobaric and variable pressure gradient cases. A two-variable least-
squares analysis was used to find the values of the remaining model
parameters N and a0. The analysis found that choosing N � 0:8592
and a0 � 0:4950 produced the best correspondence between the
model and the experimental results. Figure 2 shows that, with these
assumptions, the SM (solid lines) and the MSM (dashed lines)
predict the experimentally measured film-cooling efficiency
(symbols) to within 2.5% of the experimentally measured values in
the near-slot region (x=Ms < 30). Themodels do not perform aswell
farther downstream of the slot but are consistent with the data trend.

Teekaram et al. [3] measured film-cooling effectiveness under
variable pressure gradient conditions using an isentropic light piston
tunnel facility. Various contoured nozzles were used to produce
adverse and favorable pressure gradients that varied with
downstream distance. The hot-stream flow Mach number was
maintained between 0.5 and 0.6 at a static temperature of 348 K. The
coolant injection Mach number was varied from 0.07 to 0.34 at a
static temperature of 295 K. This approach allowed blowing ratios
between 0.15 and 0.75 to be achieved. Acceleration parameters
ranging from Kp � 2:62 � 10�6 (favorable pressure gradient) to
�0:22 � 10�6 (adverse pressure gradient) were achieved at the point
of coolant injection. The average hot-stream and coolant-stream
turbulence intensities were not reported in this study, and so it was
necessary to estimate Iv;1 and Iv;s, in addition toN and a0. Since Iv;1
and Iv;s can be expressed as a single variable Iv using Eq. (13), a
three-variable least-squares (LSQ) analysiswas performed tofind the
values of a0, N, and Iv that provided the best correspondence
between the MSM predictions and Teekaram’s experimental
measurements under zero-pressure gradient conditions. However,
the values obtained for a0,N, and Iv were very sensitive to the initial
guesses for Iv, N, and a0. Some initial guesses even led to

nonphysical values of Iv and no reliable results were obtained using
this method. As a result, an alternate strategy was embraced in which
a two-variable least-squares analysis was performed to determine
values of a0 and N, over a range “reasonable” values of Iv (i.e.,
1 � Iv � 5%). The results of this procedure are summarized in
Table 1 and show that similar levels of agreement between the zero-
pressure gradient measurements of Teekaram et al. and theMSMcan
be obtained for a wide range of different combinations of a0,N, and
Iv. The residuals are the smallest and approximately constant for
values of Iv between 0.015 and 0.030. Values of a0,N, and Iv, equal
to 0.4474, 0.8738, and 0.020, respectively, give the smallest residual,
and so these values were chosen to compare the MSM’s predictions
to the experimental data. Because many different combinations of
Iv;s and Iv;1 can produce the same value of Iv, for simplicity, Iv;s and
Iv;1, are assumed to be equal.

Figure 3 compares film-cooling effectiveness predicted by the
MSM (solid lines) assuming Iv;s and Iv;1 are both 0.02 (i.e..
Iv � 0:02) to experimental measurements from Teekaram et al. [3]
under isobaric conditions. The shaded region illustrates the range of
values of�eff predicted by theMSMfor values of Iv between 0.01 and
0.05. The predictions of the MSM appear to be in good agreement
with the experimental data over the entire range of Iv values.
Therefore, we conclude that the predictions of the MSM are not
overly sensitive to the choice of Iv and that this fitting procedure is
reasonable when average values of Iv are not available.

IV. Results

A. Constant Pressure Gradient Case

1. Wall-Jet Film

Figure 4 is a plot of film-cooling effectiveness predicted by the
MSM as a function of nondimensional downstream distance for a
turbulent wall-jet film in the presence of three different pressure
gradients. The dashed line corresponds to a favorable pressure
gradient (CP1 ��0:05), the dotted line to an adverse pressure
gradient (CP1 ��0:05), and the solid line to the isobaric case

Fig. 2 Film-cooling efficiency �eff as a function of nondimensional
streamwise distance x=Ms for an isobaric, turbulent wall-jet film

(R� 0:63) at M � 2:22 and TR� 0:71, as predicted by the SM and

MSM.

Fig. 3 Comparison of film-cooling efficiency �eff as a function of

nondimensional streamwise distance, x=Ms, predicted by the MSM to
experimental measurements by Teekaram et al. [3] for a turbulent core-

driven film (R0 � 3:53) in the presence of a constant zero-pressure

gradient, atM � 0:33, TR� 0:86.

Table 1 Summary of empirical constants determined for the ZPG

Teekaram et al. [3] data

Iv A0 N Residual LSQ method

0.010 0.026517 0.002113 0.146568 2 variable
0.015 0.0706 0.3108 0.120210 2 variable
0:020 0:4474 0:8738 0:120085 2 variable
0.025 1.8411 1.3802 0.120356 2 variable
0.030 3.4775 1.6662 0.120172 2 variable
0.035 0.1770 0.6500 0.161288 2 variable
0.040 0.177 0.65 0.194657 2 variable
0.045 0.0893 0.5786 0.141179 2 variable
0.050 0.075502 0.457653 0.124767 2 variable
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(CP1 � 0:0). The results show that, for a wall-jet film, the presence
of an adverse pressure gradient decreases film-cooling efficiency (in
this case by as much as 12.5%). In contrast, a favorable pressure
gradient increases the cooling effectiveness (in this case by as much
as 30%).

2. Core-Driven Film

Figure 5 is a plot of film-cooling effectiveness predicted by the
MSM as a function of nondimensional downstream distance for a
turbulent core-driven film in the presence of three different pressure
gradients. The dashed line corresponds to a favorable pressure
gradient (CP1 ��0:05), the dotted line to an adverse pressure
gradient (CP1 ��0:05), and the solid line to the isobaric case
(CP1 � 0:0). Figure 5 shows that the behavior observed reverses for
a core-driven film. In this case, the presence of a favorable pressure
gradient decreases the film-cooling efficiency by as much as 10%.
Meanwhile, the presence of an adverse pressure gradient actually
increases the film-cooling effectiveness (in this case by as much as
20%). Taken together, Figs. 4 and 5 show that the effect of the
pressure gradient reverses depending on whether R > 1 or R < 1.
This is important because it helps to explain some seemingly
contradictory results in the literature. Thiswill be addressed later. For
the moment, let us consider why this reversal occurs.

3. Explanation for Reversed Effect of CP1

Figure 6 shows the shear-layer thickness at the impingement point,
b�x1�=s, as a function of the initial region length x1=s and the
pressure gradient CP1 for a wall-jet film (dotted line) and a core-
driven film (solid line). The figure shows that applying a favorable
pressure gradient (CP1 < 0) to a wall-jet film (R < 1) increases the
length of the initial region as well as the thickness of the shear layer.
The increase in x1=smeans that more of the wall is protected, and an
increase inb�x1�=smeans that the hot freestreammoves farther away
from the wall. These effects combine to improve film-cooling
performance. In contrast, when a favorable pressure gradient is
applied to a core-driven film (R > 1), x1=s is reduced, which means
less of the wall is protected and b�x1�=s decreases, which means that
the hot flow is closer to the wall. Together, these effects degrade
cooling performance. The figure also shows that reducing the slot
height s degrades performance in both types of jets by decreasing the
length of the protected region and decreasing the thickness of the
shear layer.

But why do the changes in x1=s and b�x1�=swithCP1 depend on
whether R0 > 1 or R0 < 1? Equation (26) shows that the shear-layer
growth rate is the sum of two terms: a term k0 that depends on the
velocity ratio alone [Eq. (27)] and a term ‘ that depends on both the
pressure gradient and the velocity ratio [Eq. (28)]; k0 is always
positive. Figure 7a shows that ‘ can be positive or negative
depending on the sign of CP1 and whether R0 > 1 (solid line) or
R0 < 1 (dotted line). Figure 7b shows that the overall growth rate of
the layer (i.e., k0 � ‘) increases with CP1 when R0 < 1 (dotted line)
and decreases whenR0 > 1 (solid line). Therefore, the reversal in the

Fig. 4 Film-cooling efficiency �eff as a function of nondimensional

streamwise distance x=Ms for a turbulent wall jet (R0 � 0:63)
undergoing a constant favorable pressure gradient (CP1 ��0:05), a
constant adverse pressure gradient (CP1 ��0:05), and a constant zero-
pressure gradient (CP1 � 0:0), atM � 2:22 andTR� 0:71, as predicted
by the MSM.

Fig. 5 Film-cooling efficiency �eff as a function of nondimensional

streamwise distance x=Ms for a turbulent core-driven film (R0 � 1:58)
undergoing a constant favorable pressure gradient (CP1 ��0:05), a
constant adverse pressure gradient (CP1 ��0:05), and a constant zero-
pressure gradient (CP1 � 0:0), atM � 0:89 andTR� 0:71, as predicted
by the MSM.

Fig. 6 Nondimensional shear-layer impingement thickness b�x1�=s versus nondimensional initial region length x1=s and nondimensional pressure

gradient CP1 for a wall-jet film (R0 � 0:63) and a core-driven film (R0 � 1:58) at TR� 0:71.
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effect of the pressure gradient with R arises directly from the
influence of the pressure gradient on the shear-layer growth rate.

B. Variable Pressure Gradient Case

In the preceding analysis and results,CP1 was used to represent a
specified constant pressure gradient. However, in situations where
the pressure gradient changes with downstream distance (like in a
rocket nozzle), it is more common to represent pressure gradients
acting on boundary or shear layers using Kays’s acceleration
parameter Kp [16]. It is defined as follows:

Kp �
�1
U2

0;1

dU1
dx

(37)

where �1 is the kinematic viscosity of the hot stream,U0;1 andU1
are the initial and local hot-stream velocities, respectively, and x is
the downstream distance. Kp is related to CP1 as follows:

Kp �
�1
U0;1

�
������������������������������
1 � �CP1=R2

0�
p

� 1

x

(38)

Rearrangement of Eq. (38) provides an expression for CP1 in
terms ofKp that, in conjunction with Eqs. (33) and (34) and Eqs. (1–
16), can be used to predict the variation of film-cooling effectiveness
under conditions where the streamwise pressure variation is not
uniform.

Figure 8 shows film-cooling effectiveness as a function of
nondimensional downstream distance for a turbulent core-driven
film with three different acceleration parameters. Kp ��0:22 �
10�6 corresponds to a mild adverse variable pressure gradient
(MAPG), Kp � 2:62 � 10�6 corresponds to a strong favorable
variable pressure gradient (SFPG), and Kp � 0 corresponds to a
constant zero-pressure gradient (ZPG). The blowing ratioM is 0.33
and the temperature ratio (TR) is 0.86. The solid line shows the
model’s predictions for a constant ZPG, the dotted line shows the
model’s predictions for the MAPG, and the dashed line shows the
predictions for the SFPG. The symbols show the corresponding
experimental data from Teekaram et al. [3]. Despite the relatively
weak influence of pressure gradient, the model captures the effect of
Kp on effectiveness and matches the magnitude with an average
discrepancy of less than 17.5%. Some of the discrepancy between the
MSM and Teekaram et al.’s measurement may be attributable to the
uncertainty in the turbulence conditions that were estimated earlier.
A significant portion of the discrepancy, however, may be
attributable to other physical effects, like compressibility, that are not

accounted for in the MSM. Compressibility is expected to be
important here because the hot-stream flow Mach numbers reported
by Teekaram et al.’s experiments were between Mach 0.5 and 0.6.

C. Use of Modified Simon Model to Reconcile Anomalies Present in

Literature

One challenge in interpreting previous experimental measure-
ments of film cooling under variable pressure gradient conditions is
reconciling apparent contradictions. For instance, Kruse [7] predicts
that a favorable pressure gradient degrades film-cooling perform-
ance, whereas Kim et al. [17] predicts that it enhances performance.
Which is correct? The predictions of theMSMmodel outlined earlier
show that both are correct because Kruse’s experiment [7] used a
core-drivenfilm (R > 1), whereasKim et al.’s experiment [17] used a
wall-jet film (R < 1). This trend is confirmed by a more
comprehensive analysis of data from ten studies [3,7,17–24]
presented in Fig. 9. The filled symbols correspond to 2-D slot
injection studies, whereas the open symbols correspond to data from
3-D hole injection studies. The lower plane in the figure shows
acceleration parameter and velocity ratio, while the z axis shows the
change infilm-cooling performance relative to the peak effectiveness
at the baseline zero-pressure gradient case. According to the MSM
model whose predictions are summarized in Table 2, the data should
group into four octants: enhanced cooling performancewhenKp > 0
and R < 1, enhanced cooling performance when Kp < 0 and R > 1,

Fig. 7 Shear-layer growth rate: a) change in growth rate due to the presence of a pressure gradient ‘, and b) overall growth rate k0 � ‘ versus

nondimensional pressure gradient.

Fig. 8 Film-cooling efficiency �eff predicted by the MSM as a function

of nondimensional streamwise distance x=Ms for a turbulent core-driven
film (R0 � 3:53) with a strong favorable pressure gradient (Kp�

2:62 � 10�6), a mild adverse pressure gradient (Kp ��0:22 � 10�6), and

zero-pressure gradient; M � 0:33 and TR� 0:86.
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degraded cooling performance when Kp < 0 and R < 1, and
degraded cooling performance when Kp > 0 and R > 1.

These octants are highlighted in Fig. 9. The boxes outlined by the
dotted red lines in Fig. 9 show the regions associated with degraded
film-cooling performance, and the boxes outlined by the solid blue
lines show the regions associated with enhanced film-cooling
performance. The MSM model predicts that the remaining four
octants should be vacant. This means that, for a specified Kp and R,
only an increase or a decrease in effectiveness is possible according
to the MSM model, not both. Because Fig. 9 shows that most of the
experimental data lie within the four octants predicted by the MSM
model, the model appears to capture the impact ofKp and R on film-
cooling effectiveness in a way that is consistent with most
experimental measurements.

Interestingly, Fig. 9 shows that the model correlates both 2-D
(solid symbols) and 3-D hole (open symbols) injection data despite
the fact that the model was derived for 2-D configurations. This
makes sense because the row of holes in a film-cooling application is
designed so that the individual fluid jets merge quickly to form an
approximately two-dimensional layer that spans and protects the
surface. The ability of the jets to merge to form the film depends on,
among other things, the hole spacing and the number of rows. Table 3
shows that the hole spacing in four of the five 3-D injection studies
reported in Fig. 9 is relatively small (p=d � 4) indicating that the jets
would be able to merge quickly into an approximately 2-D film. It
also shows that one of the two data sets that is not correlated by the
model (Lutum et al. [24]) corresponds to a single rowof holes and the
largest p=d, where one would expect it to be more difficult for
individual jets to coalesce into a film. Therefore, this result indicates
that the model can also be applied to “realistic” 3-D injection
geometries, provided the holes are configured in a way that actually
produces a film.

Two studies [23,24] do not fit the pattern predicted by the MSM.
The first, by Escudier and Whitelaw [23], examined film-cooling
effectiveness of a core-driven film under a very strong adverse
pressure gradient and concluded that an adverse pressure gradient
degrades film-cooling performance. However, in these experiments,
the pressure gradients were so strong that the flow separated: a
condition not accounted for in the MSM and one that is generally
avoided in film-cooling applications because it substantially
decreases the performance of the film. The second study, by Lutum
et al. [24], investigated film-cooling performance of both wall-jet
films and core-driven films on a concave surface with zero and
favorable pressure gradients (Kp � 1:0 � 10�6). It reported that
favorable pressure gradients improved film-cooling performance in
both wall-jet films and core-driven films. However, different
turbulence intensities were used for the zero (Iv;1 � 9%) and
favorable pressure gradient (Iv;1 � 6%) cases. Because the
turbulence intensity has a very strong influence on cooling
performance, this fact alone could be responsible for the deviation
from the model. The authors also introduced an arbitrary scaling
factor which further complicates interpretation of the results. Finally,
as indicated earlier, the study used a single row of relatively widely
spaced holes that would have more difficulty coalescing into a film
that would be well approximated by the 2-D model.

V. Conclusions

Simon’s [9] semi-empirical wall-jet film-cooling model has been
extended to include the effect of variation in themainstream pressure
gradient. Themodel predicts that the response of a cooling film to the
pressure gradient depends upon the freestream-to-film velocity ratio
R. For wall-jet films (R > 1), an adverse pressure gradient decreases
cooling performance, whereas a favorable pressure gradient
improves performance. For core-driven films (R < 1), the effect is
reversed: an adverse pressure gradient improves performance,
whereas a favorable pressure gradient decreases it. This reversal is
caused by the pressure gradient’s influence on the shear-layer growth
rate which, in turn, influences its thickness and impingement point.
In wall-jet films, a favorable pressure gradient decreases the shear-
layer growth rate, thereby moving the impingement point
downstream and increasing the shear-layer thickness. This increases
the cooling effectiveness. In core-driven films, a favorable pressure
gradient decreases the shear-layer growth rate, moves the
impingement point upstream, and reduces the shear-layer thickness,
thereby reducing cooling effectiveness. The model’s predictions
resolvemost of the discrepancies in the literature regarding the effect
of the pressure gradient on film-cooling performance and correlate
both 2-D slot and 3-D hole injection data. The latter is possible only
when the hole injection scheme is well designed, that is, that the
individual jets merge into a film rapidly. This occurs when the hole
spacing is small enough (p=d � 4) and/or if multiple rows of holes
are used.

Fig. 9 Peak nondimensional film-cooling effectiveness as a function of acceleration parameter Kp and velocity ratio R reported in various studies.

Table 2 Summary of MSM predictions

Kp < 0 Kp > 0

R < 1 �eff=�eff;0 < 1 �eff=�eff;0 > 1
R > 1 �eff=�eff;0 > 1 �eff=�eff;0 < 1

Table 3 Summary of 3-D hole injection data

Study p=d Spacing type No. of rows

Kruse [7] 1.5 Small 2
Maiteh and Jubran [19] 2 Small 2
Ito et al. [21] 3 Moderate 1
Jung and Hennecke [22] 4 Moderate 2
Lutum et al. [24] 3 and 6 Moderate–large 1
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